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PERTURBED OPERATORS I N  HILBERT SPACE * 
by 
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ABSTRACT 
This  r e p o r t  reviews the theory of pe r tu rbed  o p e r a t o r s  i n  an. 
a b s t r a c t  H i l b e r t  space and some important a p p l i c a t i o n s  of t he  theory 
t o  quantum chemistry.  It is  intended t o  s e r v e  as an i n t r o d u c t i o n  
t o  t h e  o r i g i n a l  papers  of Re l l i ch ,  Sz-Nagy, Kat0 and o t h e r s .  The 
theory developed by t h e s e  authors ,  which i s  appa ren t ly  l i t t l e  known 
among quantum chemists ,  r i g o r o u s l y  j u s t i f i e s  t h e  use  of Rayleigh- 
Schrodinger p e r t u r b a t i o n  theory i n  many important  quantum chemistry 
problems. 
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INTRODUCTION 
The purpose 04 t h i s  r e p o r t  is  t o  d e s c r i b e  t h e  p r o p e r t i e s  and 
i n t e r p r e t a t i o n  of some of t he  p e r t u r b a t i o n  series used i n  quantum 
chemistry.  However, s i n c e  t h e s e  r e s u l t s  can only be obtained through 
t h e  use of t h e  techniques of a b s t r a c t  H i l b e r t  space i t  w i l l  be necessa ry  
t o  d e s c r i b e  t h e s e  techniques,  and e x p l a i n  why they  are u s e f u l .  Details  
of p roof s  w i l l  n o t  be given s ince  t h e s e  are a v a i l a b l e  e i t h e r  i n  s t anda rd  
books, o r  i n  t h e  o r i g i n a l  a r t i c l e s ,  f o r  which t h i s  r e p o r t  i s  intended 
t o  be an i n t r o d u c t i o n .  
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Any mathematical  model f o r  quantum mechanics must provide a 
u n i f i e d  means f o r  p r e d i c t i n g  and c a l c u l a t i n g  t h e  r e s u l t s  of experiments 
on atomic phenomena. Heisenberg's matrix mechanics, Sch rod inge r ' s  
d i f f e r e n t i a l  equa t ion  approach, and D i r a c ' s  hybrid theory a l l  m e e t  
t h i s  requirement  and have l ed  t o  h i g h l y  s u c c e s s f u l  c a l c u l a t i o n  from 
t h e i r  f i r s t  i n t r o d u c t i o n .  However, i t  has  always been d i f f i c u l t  t o  
I f  
j u s t i f y  i n  r i g o r o u s  mathematical terms some of t h e  procedures  used. 
I n  f a c t , m a t r i x  mechanics, d i f f e r e n t i a l  equa t ions ,  and D i r a c ' s  t heo ry  
wi th  i t s  s t r o n g  r e l i a n c e  on the d e l t a  f u n c t i o n  do no t  lend themselves 
t o  p r e c i s e  s ta tement ,  nor t o  the proof of h i g h l y  gene ra l  theorems. 
For t h i s  reason,  von Neuman Rd2 r e s t a t e d  t h e  theo ry  i n  terms of t he  
theo ry  of o p e r a t o r s  i n  a b s t r a c t  H i l b e r t  space which was being developed 
a t  t he  t i m e  by mathematicians i n  o rde r  t o  g ive  a more p r e c i s e  and a 
more u n i f i e d  t r ea tmen t  t o  t h e  o p e r a t o r s  which had been considered i n  
v a r i o u s  g u i s e s  s i n c e  Newton's t i m e .  
duc t ion  of r i g o r  comparatively easy. 
This  formulat ion made t h e  i n t r o -  
1 
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The ques t ions  which von Neuman's formulat ion answers more e a s i l y  
than  o t h e r s  a r e  f a i r l y  a b s t r a c t ,  bu t  n e v e r t h e l e s s  important  f o r  a 
complete understanding of t h e  mathematical  theory.  For i n s t a n c e ,  
because e x p l i c i t  s o l u t i o n s  a r e  known, one e a s i l y  shows t h a t  t h e  non- 
r e l a t i v i s t i c  i n f i n i t e  nuc lea r  mass Schrzdinger equa t ion  f o r  a one 
e l e c t r o n  aiom has i n f i n i t e l y  many (bound s t a t e )  e igen func t ions  f o r  
any p o s i t i v e  nuc lea r  charge . What i s  the  case  for  a two e l e c t r o n  
atom'! Direct s tudy of t he  Schrodinger d i f f e r e n t i a l  equa t ion  cannot 
11 
e a s i l y  e s t a b l i s h  t h e  e x i s t e n c e  of even t h e  ground s t a t e  of helium 
and c e r t a i n l y  can n o t  be expected t o  g ive  any i n d i c a t i o n  of t h e  
e x i s t e n c e  of o the r  s t a b l e  s t a t e s ,  much less of t h e i r  number. However, 
by formulat ing t h e  problem i n  a b s t r a c t  H i l b e r t  space,  K a t  lgJ was a b l e  
t o  show t h a t  f o r  any > 1 t h e r e  a r e  i n f i n i t e l y  many s t a b l e  s t a t e s .  
This  example i s  chosen because of t h e  r e l a t i v e l y  p h y s i c a l  n a t u r e  
of t h e  ques t ion  answered. 
by von Neumann's method are d i scussed  a t  l eng th  i n  h i s  book. 
The many mathematical  d i f f i c u l t i e s  avoided 
3 
The main advantage of working i n  H i l b e r t  space i s  t h e  l a r g e  number 
of extremely powerful theorems a v a i l a b l e  i n  t h i s  c o n t e x t .  Of cour se ,  
t h i s  does not answer the  q u e s t i o n  of why t h e s e  theorems are a v a i l a b l e  
i n  t h i s  context  r a t h e r  t han  i n  t h a t  of  t h e  c l a s s i c a l  t heo ry  of 
4 .. d i f f e r e n t i a l  equa t ions ,  or  of i n f i n i t e  m a t r i c e s  , e tc .  
The main advantage of any a b s t r a c t  fo rmula t ion  i s  t h a t  unnecessary 
d e t a i l s  a r e  suppres sed ) thus  focus ing  a t t e n t i o n  on t h e  e s s e n t i a l  e lements  
of t h e  problem. Seve ra l  i l l u s t r a t i o n s  may be h e l p f u l .  Func t ions  which 
are no t  square i n t e g r a b l e  over t h e  c o n f i g u r a t i o n  space of a p h y s i c a l  
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problem are sometimes u s e f u l  i n  s tudying t h e  behavior of a f r e e  
p a r t i c l e  corresponding t o  t h e  continuous spectrum of some Hamiltonian. 
However, they are no t  e s s e n t i a l  and are omitted from H i l b e r t  space, 
t hus  al lowing the  use of g r e a t l y  s i m p l i f i e d  a l g e b r a i c  n o t a t i o n .  
Furthermore, t h e  square i n t e g r a b l e  func t ions  are reduced t o  t h e  
s t a t u s  of "elements" which have no i n t e r n a l  s t r u c t u r e  (save t h e i r  norm 
or  l e n g t h ) ,  only v a r i o u s  r e l a t i o n s  wi th  each o t h e r .  F i n a l l y ,  t h e s e  
func t ions  even l o s e  t h e i r  i n d i v i d u a l  i d e n t i t y  s i n c e  a l l  func t ions  which 
are almost everywhere equa l  ( i . e . ,  which d i f f e r  only on r e g i o n s  of 
c o n f i g u r a t i o n  space which have "volume" or  measure zero)  a r e  lumped 
toge the r  i n  t h e  same element of H i l b e r t  space.  Again t h i s  does no 
v i o l e n c e  t o  the  p h y s i c a l  i n t e r p r e t a t i o n  s i n c e  an  i n t e g r a t i o n  over 
some p o r t i o n  of c o n f i g u r a t i o n  space i s  necessary be fo re  meaningful 
information can be e x t r a c t e d  from a wave func t ion .  I n  t h e s e  ways 
extraneous c o n s i d e r a t i o n s  a r e  e l imina ted  from t h e  theory.  
The most important a spec t  of t h e  s u p e r i o r i t y  of t h e  a b s t r a c t  
H i l b e r t  space approach i s ,  however, t h e  i n s i s t e n c e  of t h e  theo ry  on 
s tudy ing  t h e  set of func t ions  on which an ope ra to r  i s  de f ined .  
writes down the  Schrodinger Hamiltonian ope ra to r  f o r  an atom or  molecule, 
i t  i s  no t  a t  a l l  clear what d i f f e r e n t i a b i l i t y  c o n d i t i o n s  should be 
placed on func t ions  be fo re  they are considered t o  be i n  t h e  domain of 
d e f i n i t i o n  of t h e  ope ra to r .  
by t h e  p h y s i c a l  i n t e r p r e t a t i o n  are t h a t  t h e  f u n c t i o n  should be square 
i n t e g r a b l e  over t h e  whole conf igu ra t ion  space, and t h i s  i s  j u s t  t he  
requirement t h a t  t h e  func t ion  should r e p r e s e n t  an element i n  H i l b e r t  
I f  one 
11 
The n a t u r a l  boundary cond i t ions  p r e s c r i b e d  
, 
4 
space.  
requirements  t o  pu t  on e igen func t ions  a t  p o i n t s  where t h e  p o t e n t i a l  
i s  s i n g u l a r  has  g iven  r ise  t o  d i s c u s s i o n  acd cannot  be  so lved  by t h e  
But t h e  ques t ion  of  t h e  proper  d i f f e r e n t i a b i l i t y  o r  c o n t i n u i t y  
gene ra l  t heo ry  of d i f f e r e n t i a l  equa t ions .  
I n  a b s t r a c t  H i l b e r t  space,  o p e r a t o r s  w i t h  d i f f e r e n t  domains are 
regarded as d i f f e r e n t  ope ra to r s ,  and much of t h e  theo ry  revolves  around 
a d j u s t i n g  t h e  domain of an  ope ra to r  by j u d i c i o u s  enlargement,  u n t i l  
t h e  extended ope ra to r  posses ses  t h e  most convenient  p r o p e r t i e s .  S ince  
t h e  theory  focuses  a t t e n t i o n  on t h e  problem of t h e  cho ice  of  a 
domain and p rov ides  machinery f o r  i t s  s u c c e s s f u l  s o l u t i o n ,  a l l  of t h e  
ambiguity de r ived  from t h e  u n c e r t a i n  d i f f e r e n t i a b i l i t y  c o n d i t i o n s  
on d i f f e r e n t i a l  equa t ions  i s  removed a t  t h e  o u t s e t .  
11. HILBERT SPACE 
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H i l b e r t  space %- i s  an i n f i n i t e  dimensional  v e c t o r  space  
de f ined  over t h e  complex numbers and s a t i s f y i n g  t h e  f u r t h e r  
requi rements  desc r ibed  below. Thus elements  (which w e  s h a l l  o f t e n  
c a l l  func t ions )  e, , Y;**of "M- can be added and m u l t i p l i e d  by 
complex numbers and t h e s e  p rocesses  s a t i s f y  t h e  usua l  r u l e s .  
An i1111cr product  i s  de f ined  on % which a s s o c i a t e s  w i t h  each  
odered p a i r  o f  e lements  , Y' a unique complex number, ( 9 , y' ) 
which s a t i s f i e s  t h e  fo l lowing  r u l e s  
- a(v, v> f o r  eve ry  complex number a . 
c 
5 
7 The l a s t  p rope r ty  al lows t h e  d e f i n i t i o n  of a norm [( 
d i s t a n c e  Ilq- +/I between 9 and which s a t i s f y  the  r u l e s  
11 and a 
11 VI/ = 
/ la  ( P I 1  = la/ I1 (PI/ 
( Y ,  ‘Pp 
The most important property of 3$ i s  t h a t  i t  i s  complete i n  
t h i s  norm, i . e . ,  i f  a sequence y, , ‘P, , .... s a t i s f i e d  Cauchy’s 
c o n d i t i o n  
l a r g e  n and m) t hen  t h e r e  i s  an  element i n  % t o  which t h e  
sequence converges s t r o n g l y  ( 11 
f o r  s u f f i c i e n t l y  l a r g e  n) .  
( 11 Lpn  - CpmI\  becomes a r b i t r a r i l y  s m a l l  f o r  s u f f i c i e n t l y  
- Y 11 becomes a r b i t r a r i l y  s m a l l  n 
F i n a l l y  we r e q u i r e  t h a t  t he re  exis t  a complete orthonormal s e t  
i n %  which i s  countably i n f i n i t e .  By t h i s  i s  meant t h a t  t h e r e  
e x i s t s  a t  least  one ( i n  f a c t  t h e r e  are i n f i n i t e l y  many) i n f i n i t e  
sequence y4 , ... of elements of %k w i t h  (p, , ( y ; ,  vj ) equa l  
t o  1 o r  0 depending on whether i = j or i # j and such t h a t  f o r  
any y in X,  
& 
These require:& s complete l y  determine the  a b s t r a c t  H i l b e r t  
space i n  which the  a n a l y s i s  of t h i s  r e p o r t  i s  c a r r i e d  ou t .  However, 
t o  make c o n t a c t  w i th  t h e  usual  i d e a s  of quantum mechanics i t  i s  
necessa ry  t o  c o n s t r u c t  %k from more f a m i l i a r  o b j e c t s  of c l a s s i c a l  
a n a l y s i s .  Although one of the advantages of t h e  a b s t r a c t  viewpoint 
i s  t h a t  t he  same space % can be r e p r e s e n t e d  i n  s e v e r a l  d i f f e r e n t  
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ways, t he re  i s  one of p a r t i c u l a r  importance. Consider t h e  set of 
square i n t e g r a b l e  complex valued func t ions  9 on t h e  c o n f i g u r a t i o n  
space of some p h y s i c a l  problem toge the r  w i th  t h e  inne r  product  
( 4, Y' ) =Jv 
over t h e  whole space.  
d 2' where s.. . d y  r e p r e s e n t s  Lebes$ue i n t e g r a t i o n  
With t h e  a i d  of c l a s s i c a l  theorems of 
a n a l y s i s ,  t h i s  s e t  of func t ions  i s  seen t o  s a t i s f y  a l l  t h e  p r o p e r t i e s  
of ")d- except t h a t  
almost everywhere zero r a t h e r  than j u s t  f o r  
1) ( y ,  9 ) i s  zero f o r  a l l  f u n c t i o n s  which are 
9 = 0, and 2) expansion 
i n  a complete set  of orthonormal func t ions  only r e p r e s e n t s  a f u n c t i o n  
almost everywhere, Both t h e s e  d i f f i c u l t i e s  are overcome by t a k i n g  
t h e  element of % t o  be sets of func t ions  which are almost every-  
where equal .  
111. PROPERTIES OF UNBOUNDED OPERATORS I N  HILBERT SPACE 
An operator8 A i n  a s s i g n s  a unique element A 9 t o  each 
element 
of A, s u b j e c t  t o  t h e  r e s t r i c t i o n  t h a t  
i n  a l i n e a r  submanifold a A of c a l l e d  t h e  domain 
f o r  a l l  'Q and y' i n  8 A and a l l  complex numbers a and b. 
The se t  of a l l  A 
denoted by A B  A .  
f o r  9 €B! i s  c a l l e d  t h e  r anve  of A and i s  
It i s  important t o  n o t e  t h a t  t h e  domain of an o p e r a t o r  i s  
uniquely s p e c i f i e d .  When A and B are  two o p e r a t o r s  such t h a t  
3 A C ,6, and A 9 = B 9 f o r  a l l  con ta ined  i n  3 4 )  
then  B i s  c a l l e d  an ex tens ion  of A and t h e  two o p e r a t o r s  are 
P 
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c a r e f u l l y  d i s t i n g u i s h e d  i f  # 3 B .  A p h y s i c a l  "operator" A 
must u s u a l l y  be extended u n t i l  i t  becomes s e l f - a d j o i n t  i n  t h e  
sense t o  be de f ined  below. I f  t h i s  i s  impossible,  t h e  "operator" 
is no t  s a t i s f a c t o r y  f o r  use i n  the  theory.  Before t h i s  c e n t r a l l y  
important concept can be introduced w e  must d e f i n e  s e v e r a l  o the r  
terms. 
Few o p e r a t o r s  have t h e  whole of % f o r  domain. An important 
excep t ion  i s  fu rn i shed  by t h e  bounded o p e r a t o r s  which are u s u a l l y  
de f ined  on a l l  of % . An operator  A i s  c a l l e d  bounded i f f  
( i f  and only i f )  t h e r e  exis ts  a rea l  number b such t h a t  
11 A (PI1 4 b 11 911 f o r  a l l  9 i n  a The least  upper bound A '  
f o r  a l l  such b i s  c a l l e d  t h e  bound or  norm o f  A and i s  denoted 
Bounded o p e r a t o r s  have p a r t i c u l a r l y  simple p r o p e r t i e s ,  b u t  
u n f o r t u n a t e l y  few o f  the ope ra to r s  needed i n  quantum mechanics are 
bounded. 
Although few o p e r a t o r s  are de f ined  on a l l  of .% w e  do i n s i s t  
t h a t  t he  domain of any operator  considered i n  t h i s  r e p o r t  be dense. 
That is, i t  i s  assumed t h a t  the domain c o n t a i n s  a r b i t r a r i l y  good 
approximations t o  any element of 3.$- . This  i s  n o t  a s e r i o u s  
r e s t r i c t i o n  p h y s i c a l l y  s i n c e  any p h y s i c a l  "operator" i s  e a s i l y  
de f ined  on some s u i t a b l e  dense domain and a l l  subsequent cons ide ra -  
t i o n s  d e a l  w i t h  ex tens ions .  On t h e  o the r  hand, from t h e  mathematical  
viewpoint,  e n t i r e l y  too  l i t t l e  i s  known about an ope ra to r  u n l e s s  i t s  
domain i s  dense.  
Consider t h e  equa t ion  (A-z) = where t h e  ope ra to r  A, t h e  
a 
complex number 
equat ion may have no s o l u t i o n  9 . 
one, w e  can choose d i s t i n c t  s o l u t i o n s  and and then 
A ( q 1 - y 2 )  = z ( q l - ' f 2 ) ,  so z i s  an eigenvalue of A.  Thus 
whenever t h e  range ( A - z ) B A  of (A - z )  i s  dense i n v  and z 
i s  no t  i n  the  p o i n t  spectrum ( s e t  of e igenva lues )  of A t h e r e  i s  an 
ope ra to r  (A-z) 
i n  t h e  sense t h a t  (A-z) (A-z) 9 = 9 . (A-z)(A-z)-l y-' = y.' 
f o r  any (f i n  
numbers for  which (A-z) i s  de f ined  and bounded i s  c a l l e d  t h e  
r e s o l v e n t  s e t  of A .  For z i n  t h i s  se t  (A-z) i s  u s u a l l y  denoted 
by RZ and t h i s  family of o p e r a t o r s  depending on z i s  c a l l e d  t h e  
r e s o l v e n t  of z . The complex numbers which are not  i n  t h e  r e s o l v e n t  
se t  of A form t h e  spectrum of A which t h e r e f o r e  c e r t a i n l y  c o n t a i n s  
the  p o i n t  spectrum. The continuous spectrum i s  the  set  where 
(A-z)-l i s  de f ined  ( i . e .  w i th  dense domain) b u t  no t  bounded. 
z , and t h e  element u/ of % are given. This  
However, i f  i t  has  more than 
-1 wi th  domain ( A - z ) B A  which i s  i n v e r s e  t o  A-z 
-1 
or any u/ i n  (A-z) 9 A .  The set  of complex A 
-1 
-1 
The r e s o l v e n t  p l a y s  a key r o l e  i n  t h e  theo ry  b u t  c o n s i d e r a t i o n  
of most of i t s  p r o p e r t i e s  must be postponed u n t i l  o t h e r  concepts  are  
a v a i l a b l e .  However, consider  a bounded t r ans fo rma t ion  A de f ined  
on a l l  u: 
Then the  series 
An means A appfEgd n times i n  success ion )  c a l l e d  t h e  Neumann 
and a a m p l e x  number z such t h a t  1 8 1 > { \ A  1 1 .  
Z -n-1 A n y - '  (where Aoy = l ay= and 
series,  convergefi-ftrongly and i t s  l i m i t  9 s a t i s f i e s  ( A - z ) g =  y-' _- 
s i n c e  (A -z ) (  - & =-"An y ) = y / -  t -NAN cy . Thus t h e  
n= 
r e s o l v e n t  s e t  o f  a bounded t r ans fo rma t ion  c o n t a i n s  a l l  s u f f i c i e n t l y  
l a r g e  z and t h e  r e s o l v e n t  can be expressed by t h e  Neumann series. 
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The a d j o i n t '  A' of an operator  A has  f o r  domain the  se t  of 
a l l  elements 9 of f o r  which t h e r e  e x i s t s  an element 9 of 
which s a t i s f i e s  (A y /  , 9 ) = ( y' , yT)  for  a l l  y/ i n  a 
A '  
When t h i s  c o n d i t i o n  i s  f u l f i l l e d ,  A t Y  i s  def ined t o  be OT which 
can be shown t o  be unique s i n c e  a A i s  dense.  
w e see t h a t  (A 'p, ) = ( 9, At y' ) whenever t h e  two 
expres s ions  are def ined,  and t h a t  t h e  domain of A 
From t h i s  d e f i n i t i o n  
i s  t h e  l a r g e s t  t 
which al lows t h i s  equat ion.  
S e v e r a l  o t h e r  important concepts can be def ined i n  terms of t h e  
t a d j o i n t .  I f f  A i s  an  ex tens ion  of A then A i s  c a l l e d  
Hermitian (or symmetric). Thus A i s  Hermitian i f f  ( q  , A y ) = ( A y , y )  
. - _ _ _  
f o r  a l l  (p and i n  43 and t h i s  imp l i e s  t h a t  i t s  e igenva lues  A' 
are real. The o p e r a t o r s  of physics  are Hermitian.  
Suppose t h e r e  i s  a sequence o f  f u n c t i o n s  (p i n  t h e  domain 
of an ope ra to r  A, and t h a t  both o f  t h e  sequences <9 and A 
converge s t r o n g l y .  It i s  reasonable  t o  expect  t h a t  t he  domain of A 
can  be extended t o  inc lude  t h e  l i m i t  9 of the  sequence 9 n, with 
A de f ined  as the  l i m i t  of A Y n  . When A i s  Hermitian t h i s  
i s  a c t u a l l y  p o s s i b l e  and t h e  r e s u l t i n g  ope ra to r  i s  s t i l l  Hermitian.  
n 
I f  t h e  domain of an ope ra to r  
such ex tens ions ,  t hen  t h e  new ope ra to r  i s  c a l l e d  t h e  c l o s u r e  of A .  
I n  p a r t i c u l a r ,  i f  A i s  Hermitian i t s  c l o s u r e  i s  A 
opera to r  which i s  equa l  t o  i t s  own c l o s u r e  i s  c a l l e d  c l o s e d .  
A i s  en la rged  by t h e  i n c l u s i o n  of a l l  
. An 
- -  10 
tt 
I 
The r e s o l v e n t  of a c losed  operator  i s  an a n a l y t i c  func t ion  of Z 
throughout t h e  r e s o l v e n t  set, and f o r  each Z i t  i s  a c losed  
bounded ope ra to r  def ined on a l l  of , 
10 
Most c losed  Hermitian o p e r a t o r s  can s t i l l  be extended i n  
i n f i n i t e l y  many ways. The v a r i o u s  ex tens ions  have d i f f e r e n t  e igen -  
v a l u e s  and e igen func t ions ,  and thus  correspond t o  d i f f e r e n t  o p e r a t o r s  
i n  t h e  phys ica l  sense as w e l l  as i n  t h e  s t r i c t  mathematical  sense . 
Furthermore, i t  i s  important t h a t  t he  s e t  of e igen func t ions  of an 
ope ra to r  should be complete when t h e  continuous spectrum i s  s u i t a b l y  
inc luded .  This  i s  no t  t r u e  f o r  a r b i t r a r y  Hermitian o p e r a t o r s ,  
because the a p p r o p r i a t e  e igen func t ions  may not belong t o  t h e  domain. 
Here w e  s ee  ve ry  c l e a r l y  t h e  need t o  extend an o p e r a t o r .  However, 
i f  a Hermitian ope ra to r  i s  extended t o o  f a r  i t  l o s e s  i t s  Hermitian 
c h a r a c t e r .  For i n s t a n c e  t h e  a d j o i n t  of a Hermitian ope ra to r  A 
i s  on ly  Hermitian i f  i t  c o i n c i d e s  wi th  the  o r i g i n a l  ope ra to r  A.  
11 
I V .  SELF-ADJOINT OPERATORS 
t An ope ra to r  A i s  c a l l e d  s e l f - a d j o i n t  when A = A 
S e l f - a d j o i n t  o p e r a t o r s  a r e  e x a c t l y  those  f o r  which t h e  se t  of e igen -  
f u n c t i o n s  i s  w e l l  de f ined  and "complete" i n  t h e  sense which w e  now 
e x p l a i n .  12 
Hamiltonian ope ra to r  f o r  hydrogen, a f u l l  set  of i t s  e i g e n f u n c t i o n s  
i s  known, However, t h e  se t  i s  no t  complete: t o  expand an a r b i t r a r y  
f u n c t i o n ,  an i n t e g r a t i o n  over t h e  unbound s ta tes  i s  a l s o  needed. 
Since t h e  wave func t ions  of t h e s e  s ta tes  are  no t  square i n t e g r a b l e  
they  do not r e p r e s e n t  elements of H i l b e r t  space.  
I n  order t o  expres s  t h e  type of completeness necessa ry  i n  t h i s  
s i t u a t i o n ,  t h e  i d e a  of a r e s o l u t i o n  of t h e  i d e n t i t y  i s  e s s e n t i a l .  
I f  we consider  t he  n o n r e l a t i v i s t i c  i n f i n i t e  nuc lea r  mass 
11 
L e t  us  d e r i v e  t h i s  concept i n  t h e  simple case of a Hermitian 
ope ra to r  A which has a complete set  of e i g e n f u n c t i o n s  9 1' cp2J . * *  
i n  t h e  u s u a l  sense.  L e t  t he  corresponding eigenvalues  which are not  
Then a n L f u n c t i o n  can 
al' a 2  . * .  * n e c e s s a r i l y  a l l  d i f f e r e n t  be 
be w r i t t e n  as 
00 
n=O I f  we consider  an oper"zlor P f o r  each r e a l  number x defined by 
X - 
P x y  = 21 ( 9 , 9 n)qn , then i n  terms of t h e  S t i e l t j e s  i n t e g r a l  
,* 00 1 
The second formula merely expresses  t h e  obvious f a c t  t h a t  t h e  
c o n t r i b u t i o n  of each e igen func t ion  t o  9 i s  m u l t i p l i e d  
by a when A a c t s  on . For each r ea l  number x P w i l l  
b e  a p r o i e c t i o n  ope ra to r  onto the l i n e a r  submanifold of a l l  func t ions  
. n  
X 
of t h e  form wi th  \ b n  I * < 00 f o r  a r b i t r a r y  complex 
a < x  an I x n 7  b . Any p r o j e c t i o n  ope ra to r  P i s  de f ined  on a l l  of 9d. and s a t i s f i e s  
t h e  cond i t ions  
n 
. _ .  
The range P % of a p r o j e c t i o n  ope ra to r  P i s  always a c losed  
l i n e a r  szubmanifold, i . e . ,  i f  a sequence of  elements 9 1' q 2 >  . * .  
contained i n  P w  converges t o  then  9 i s  a l s o  contained i n  P p  .
Thus p r o j e c t i o n  o p e r a t o r s  a r e  the  s i m p l e s t  and most w e l l  behaved of 
a l l  o p e r a t o r s  i n  H i l b e r t  Space. 
We have shown how to express any Hermitian operator with 
complete set of eigenfunctions in terms of a family of these 
projections. This family Px can easily be shown to have the 
following properties as a function of x 
1 im P = o for all 9 
-$.-'30 
1 im P 9 = CP for all 
+->+oo 
lim P ~ ( P  = P 9 
-$ ++o xO 
x z xo 
x 2 x 0  
x 5 x' implies Px-pxi = pxtpx = Px 
Such a family of projections is called a resolution of the identity. 
l3 asserts The central theorem in this subject, the Spectra-  
that for any self adjoint operator A there exists exactly one 
resolution of the identity Px such that the domain of A is the 
set of all 9 with 
00 
12 
and such that 
f -  
for all 9 in a A .  It is also true that any operator so defined 
13 
is self-adjoint. 
This is the property of self-adjoint operators which makes them 
so important . 
In order to show that the concept of a resolution of the identity 
does replace that of a complete set of eigenfunctions we must 
indicate how the discrete eigenvalues and their corresponding 
1 
eigenfunctions can be derived from the resolution of the identity. 
Consider again the Hermitian operator A with its complete set of 
defined above. If 9 satisfies A <p = a y ,  
pX eigenfunctions and 
then 
and Px is discontinuous in x at a . Although it is somewhat 
more difficult to prove in general': the situation is the same for 
any self-adjoint operator, i.e., a real number a is an eigen- 
value of A iff the resolution of the identity P belonging to A 
is discontinuous at a, in the sense that lim P 9 does 
X 
X x+a 
x 4 a  
not equal pa Cp for all 9 . 
Furthermore, 9 is an eigenfunction belonging to a iff 
pa - lim px(P= 9 * 
x ->a 
The spectrum of a sell-adjoint operator is completely confined 
to the real line, and consists exactly of the poirlt spectrum (set 
of eigenvalues) and the continuous spectrum, A real number b 
belongs t o  t h e  spectrum of a s e l f - a d j o i n t  ope ra to r  A w i t h  r e s o l u t i o n  
of t h e  i d e n t i t y  P i f f  P i s  n o t  cons t an t  throughout any open 
i n t e r v a l  con ta in ing  b. Thus t h e  continuous spectrum c o n s i s t s  of t h e  
X X 
p o i n t s  a t  which P i s  continuous bu t  not  cons t an t .  
X 
I f  A = f: xdPx i g  a s e l f - a d j o i n t  ope ra to r , t hen  func t ions  
f(A) of A can be expressed by r e p l a c i 2  x by f (x)  i n  t h i s  
expres s ion .  For i n s t a n c e  A 2  = AA =/ x dPx which would be c l e a r  2 
-w 
i f  A' had a pu re ly  p o i n t  spectrum,. s i n c e  then i t  merely s ta tes  t h a t  
t h e  c o n t r i b u t i o n  of each e igen func t ion  i s  m u l t i p l i e d  twice by i t s  
eigenvalue.  We s h a l l  not  develop the  more d i f f i c u l t  a s p e c t s  of t h i s  
h i g h l y  important o p e r a t i o n a l  calculus15 bu t  only use a f e w  simple 
expressions of t h i s  type.  I n  p a r t i c u l a r  i f  z i s  i n  t h e j e s o l v e n t  
f dP.. A 
se t  of A we can expres s  the  r e s o l v e n t  RZ a s  
I f  t he  d i s t a n c e  of z t o  t h e  n e a r e s t  p o i n t  of t h e  spectrum of A 
i s  6 then c l e a r l y  no component of an element a c t e d  on by R w i l l  
be m u l t i p l i e d  by a f a c t o r  of magnitude g r e a t e r  t han  6 . Thus 
2 
-1 
I m ( Z )  i s  t h e  imaginary p a r t  of z . This  i s  an immediate consequence 
of t h e  f a c t  t h a t  t he  spectrum of a s e l f - a d j o i n t  ope ra to r  i s  confined 
14 
t o  t h e  r e d 1  a x i s  and t h a t  t h e  r e s o l v e n t  se t  c o n t a i n s  a t  least a l l  
nonrea l  po in t s .  
I t  i s  of g r e a t  importance t h a t  t h i s  f a c t  almost c h a r a c t e r i z e s  
s e l f - a d j o i n t  o p e r a t o r s .  An ope ra to r  i s  c a l l e d  e s s e n t i a l l y  s e l f -  
a d i o i n t  i f f  i t s  c l o s u r e  i s  s e l f - a d j o i n t .  To  prove t h a t  a given 
o p e r a t o r  i s  e s s e n t i a l l y  s e l f - a d j o i n t  one u s u a l l y  uses  t h e  f a c t  t h a t  a 
Hermitian ope ra to r  i s  e s s e n t i a l l y  s e l f - a d j o i n t  i f f  i t s  r e s o l v e n t  
. 
L 
15 
set  c o n t a i n s  p o i n t s  from both the upper and lower h a l f  plane.  A s e l f -  
a d j o i n t  ope ra to r  A i s  c losed  s i n c e  i t s  c l o s u r e  i s  A* = A .  
Therefore,  w e  can c h a r a c t e r i z e  s e l f - a d j o i n t  o p e r a t o r s  as those Hermitian 
ope ra to r s  A for  which t h e r e  e x i s t  p o i n t s  z i n  bo th  upper and 
lower h a l f  plane wi th  (A-z) 
-1 
def ined  on all of % . 
An e s s e n t i a l l y  s e l f - a d j o i n t  ope ra to r  has only one s e l f - a d j o i n t  
ex tens ion  which i s  i t s  c l o s u r e .  Thus e s s e n t i a l l y  s e l f - a d j o i n t  
o p e r a t o r s  d e f i n e  a unique r e s o l u t i o n  of t h e  i d e n t i t y  and can be used 
interchangeably wi th  t h e i r  s e l f - a d j o i n t  c l o s u r e .  However, a l l  
Hermitian t r ans fo rma t ions  yhich are n o t  e s s e n t i a l l y  s e l f - a d j o i n t  
e i t h e r  have no s e l f - a d j o i n t  extensions or have i n f i n i t e l y  many. 
A Hermitian ope ra to r  A i s  s a i d  t o  be bounded below (or h a l f  
bounded) i f f  t h e r e  e x i s t s  a r e a l  number b such t h a t  b ( q J  Y)L(Aq,(P)  
a f o r  a l l  CQ i n  
ex tens ion  which can be d i s t ingu i shed  from a l l  o t h e r s  and which i s  
16 c a l l e d  t h e  F r i e d r i c h s  extension.  
Any such ope ra to r  has  one s e l f - a d j o i n t  A '  
The method of proving t h i s  depends on r e p l a c i n g  A by B=A-b+l 
so  t h a t  ( 9 9) 5 (B 9 , 9). Then t h e  q u a d r a t i c  form (B (P , 9) 
can be used as a norm f o r  t h e  "incomplete H i l b e r t  space" DA' By 
completing t h i s  space and i d e n t i f y i n g  i t s  elements w i th  elements of 
t h e  q u a d r a t i c  form i s  extended t o  a type c a l l e d  c losed  which i s  
always de f ined  by a s e l f - a d j o i n t  o p e r a t o r .  This  ope ra to r  i s  then  
t h e  unique F r i e d r i c h s  extension of B = A-b-1 . 
16 
V .  MANY ELECTRON NONRELATIVISTIC HAMILTONIAN 
A fundamental problem of quantum chemis t ry  i s  t o  f i n d  s e l f -  
a d j o i n t  ope ra to r s  corresponding t o  t h e  v a r i o u s  p h y s i c a l  observables  
on atomic and molecular systems. The most impor tan t  case i s  t h a t  of 
f i n d i n g  energy ope ra to r s .  The Schrodinger Hamiltonian ope ra to r  of  an  
II 
N-par t ic le  system r e a c t i n g  through Coulomb f o r c e s  can  be w r i t t e n  
where e and 
Thus w e  wish t o  
s e l f - a d j o i n t  on 
taken  t o  i n s u r e  
t h e  opera tor  i s  
i 
(1) 
m are t h e  charge and mass of  t h e  ith p a r t i c l e .  
i n v e s t i g a t e  whether t h i s  ope ra to r  i s  e s s e n t i a l l y  
any r easonab le  domain, o r  whether g r e a t  care must be 
t h i s  p rope r ty .  
s e l f - a d j o i n t  w i l l  s e t t l e  a l l  q u e s t i o n s  concerning 
i 
17 
A knowledge of  t h e  domain on which 
t h e  proper d i f f e r e n t i a b i l i t y  cond i t ions  on func t ions  i n  i t s  domain. 
Fo r tuna te ly  Kat0 i n  an  important  papep'published i n  1951 showed 
t h a t  ope ra to r s  of  a gene ra l  type  inc lud ing  t h e  ope ra to r  H of Eq. 1 
are e s s e n t i a l l y  s e l f - a d j o i n t  when def ined  on any r easonab le  domain. 
The main requirement  on t h e  ope ra to r  i s  t h a t  t h e  p o t e n t i a l  energy 
should be t h e  sum o f  l o c a l l y  square  i n t e g r a b l e  f u n c t i o n s  i n  t h e  
r e l a t i v e  coord ina te s  of  each  pair of p a r t i c l e s .  This a l lows  
s i n g u l a r i t i e s  of t h e  form r i f  m < 1.5. -m i j  
To begin t h e  a n a l y s i s  Kat0 r e q u i r e s  t h a t  t h e  ope ra to r  be de f ined  
on some domain ( i n  t h e  r e p r e s e n t a t i o n  o f  %cor re spond ing  t o  square  
i n t e g r a b l e  func t ions  on t h e  c o n f i g u r a t i o n  space)  which a t  least  
i n c l u d e s  the  dense l i n e a r  manifold genera ted  by p roduc t s  of H e r m i t e  
. 
# 
1 7  
or thogonal  func t ions  of t h e  C a r t e s i a n  coord ina te s  of c o n f i g u r a t i o n  
space.  When H i s  w r i t t e n  as T+U where T i s  t h e  k i n e t i c  energy 
and U t he  p o t e n t i a l  energy operator  then i n  the  momentum space 
r e p r e s e n t a t i o n  of 74- T becomes m u l t i p l i c a t i o n  by a polynomial. 
This  type o f  opera to r  i s  known t o  be e s s e n t i a l l y  s e l f - a d j o i n t  and t h e  
domain of i t s  s e l f - a d j o i n t  c l o s u r e  To i s  easy  t o  c h a r a c t e r i z e  
i n  t h e  momentum space r e p r e s e n t a t i o n .  A Four i e r  t r ans fo rm t r a n s l a t e s  
t h e  d e f i n i t i o n  of a 
again,  and by us ing  t h e s e  two r e p r e s e n t a t i o n s  and t h e  Four i e r  t ransform 
between them i t  is  shown t h a t  any func t ion  9 
over t h e  space coord ina te s  of a l l  p a r t i c l e s  b u t  one w i l l  be small  
compared t o  11 To (pll , This  fact  toge the r  w i th  t h e  r e s t r i c t i o n s  on 
t h e  p o t e n t i a l  energy ope ra to r  U proves f o r  any b ' >  0 and 
s u f f i c i e n t l y  l a r g e  d t h e  fundamental i n e q u a l i t y :  
1 
i n t o  the c o n f i g u r a t i o n  space r e p r e s e n t a t i o n  
0 
i n  when aver aged 
0 
I 
f o r  a l l  9 i n  . An easy c a l c u l a t i o n  shows t h a t  (T +V ik)- '  
i s  def ined and bounded on a l l  of 9 f o r  s u f f i c i e n t l y  l a r g e  r e a l  k . 
0 0 
From t h i s  w e  conclude the  remarkable f a c t ,  of g r e a t  importance 
i n  p e r t u r b a t i o n  theory,  t h a t  the c l o s u r e  of H i s  de f ined  and s e l f -  
a d j o i n t  on t h e  same domain as i t s  k i n e t i c  energy o p e r a t o r .  This  f ac t  
o r  i n e q u a l i t y  (2)  d i r e c t l y  can be taken t o  mean t h a t  d e s p i t e  t h e  
l / r i j  
p o t e n t i a l  energy o p e r a t o r .  
s i n g u l a r i t i e s  t h e  k i n e t i c  energy operator  i s  " l a rge r "  than the  
This  i s  no t  t h e  p l a c e  t o  pursue t h e  g e n e r a l i z a t i o n s  and many 
important consequences of t h i s  paper .  The i n t e r e s t e d  r eade r  should 
18 
c o n s u l t  t he  ve ry  r eadab le  o r i g i n a l  work, [83 and a l s o  141 [gl fiol M. 
R e s u l t s  which are important f o r  p e r t u r b a t i o n  theory w i l l  be 
mentioned as r e q u i r e d .  
VI. PERTURBATION THEORY 
P e r t u r b a t i o n  theory c a l c u l a t e s  approximate s o l u t i o n s  t o  a problem 
which i s  too  d i f f i c u l t  t o  admit of  d i r e c t  s o l u t i o n ,  by s t a r t i n g  wi th  
a s o l u t i o n  of a similar but  e a s i e r  problem and then  making s u c c e s s i v e l y  
more e l a b o r a t e  a t t empt s  t o  b r idge  t h e  gap remaining, by t h e  a d d i t i o n  
of s m a l l  c o r r e c t i o n s  t o  t h e  approximate s o l u t i o n s  ob ta ined .  
language of quantum mechanics, one u s u a l l y  wishes t o  f i n d  t h e  
eigenvalues  and e igen func t ions  of an  ope ra to r  
by success ive  c o r r e c t i o n s  of corresponding e igenva lues  and e igen -  
func t ions  of H(0) = Ho . Here h i s  a r e a l  v a r i a b l e  c a l l e d  the  
I n  t h e  
H( )r ) = Ho + A H1 
p e r t u r b a t i o n  parameter and the  ope ra to r  
small i n  comparison t o  Ho i n  some sense .  The p h y s i c a l l y  i n t e r e s t i n g  
problem may correspond t o  a s i n g l e  v a l u e  of 
A Hl i s  considered t o  be 
, t o  s e v e r a l  v a l u e s ,  
o r  t o  a l l  v a l u e s  i n  some i n t e r v a l  c o n t a i n i n g  zero,  but  i n  any case  i t  
i s  convenient t o  r e t a i n  h as a bookkeeping dev ice .  
The simple assumption t h a t  t h e  e igenva lues  E (  A ) and e igen -  
func t ions  ( )1 ) of H (  ) can be expanded i n  power series a t  
= 0 leads t o  equa t ions  ( 4 )  and (5) by equa t ing  t h e  c o e f f i c i e n t s  
o f  powers o f  i n  equa t ion  ( 3 ) .  
. 
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These are the  equa t ions  of Rayleigh-Schrodinger p e r t u r b a t i o n  theo ry .  
Equation ( 4 )  which i s  a s p e c i a l  ca se  of (3)  wi th  h = 0, merely 
expres ses  the  f a c t  t h a t  y (O) and E (O) a r e  an  e igen func t ion  and i t s  
eigenvalue of t h e  unperturbed ope ra to r  Ho . Although by themselves 
t h e s e  equa t ions  u s u a l l y  do not determine unique s o l u t i o n s ,  w e  s h a l l  
no t  be concerned w i t h  methods of removing t h i s  ambiguity nor wi th  
f i n d i n g  p a r t i c u l a r l y  convenient s o l u t i o n s  which al low simple formulas 
for  t h e  E i n  terms of t h e  (4 
The s tudy  of pe r tu rbed  ope ra to r s  H ( h )  i n  H i l b e r t  space shows 
some cases  i n  which i t  can be proved t h a t  t h e  eigenvalues  and eigen-  
func t ions  of H( ) can be expanded i n  power s e r i e s  t hus  j u s t i f y i n g  
t h e  formalism of Rayleigh-Schrgdinger p e r t u r b a t i o n  theory and 
i n s u r i n g  t h e  e x i s t e n c e  of s o l u t i o n s  of (5) f o r  a l l  n. We s h a l l  
c a l l  t h i s  s i t u a t i o n  r e g u l a r  pe r tu rba t ion .  I n  some c a s e s  t h e  s e r i e s  
converge f o r  t h e  p h y s i c a l l y  meaningful v a l u e s  of t h e  parameter wh i l e  
i n  o t h e r s  t h e  func t ion  defined by t h e  series near 4 = 0 must b e  
a n a l y t i c a l l y  continued t o  the d e s i r e d  v a l u e  of x '. 
There a r e  a l s o  p e r t u r b a t i o n  problems i n  which equa t ion  (5) has 
s o l u t i o n s  only f o r  t he  f i r s t  n i n t e g e r s  or  i n  which other c r i t e r i a  
f o r  r e g u l a r  p e r t u r b a t i o n  a r e  n o t  s a t i s f i e d .  I n  some of t h e s e  c a s e s  
20 
t h e  use  of the p a r t i a l  p e r t u r b a t i o n  series can be j u s t i f i e d  by a theo ry  
of asymptotic p e r t u r b a t i o n .  This theory has  a l s o  been extended t o  
cover the d i f f i c u l t  c a s e s  when t h e  p e r t u r b a t i o n  causes  the  spectrum 
t o  become completely cont inuous.  
V I I .  REGULAR PERTURBATION 
We wish t o  s tudy a family o f  s e l f - a d j o i n t  o p e r a t o r s  H( ) 
18 
depending on a r e a l  parameter /\ . We s h a l l  fol low Kat0 i n  
c a l l i n g  such a family r e g u l a r  f o r  r h  I d f  i f f  for  some complex 
number z i t s  r e s o l v e n t  R ( A ) can be expanded i n  powers of h 
f o r  I x I ~ p .  
Z 
There i s  no th ing  i n  t h i s  d e f i n i t i o n  t o  prove t h a t  t h e  domain 
v a r i e s .  However, a), i s  ), of H( ) remains cons t an t  as 
c o n s t a n t  i n  most important a p p l i c a t i o n s  of t h e  theo ry  and i n  t h i s  case 
a much simpler c h a r a c t e r i z a t i o n  o f  r e g u l a r i t y  i s  p o s s i b l e .  For 
convenience of la ter  r e f e r e n c e  w e  s t a t e  the  r e l a t i o n s h i p  i n  two 
theorems. 
Theorem 1 L e t  H -. be s e l f - a d j o i n t  and Hn f o r  n = 1 , 2 , .  . . 
0 
be Hermitian on a domain a 
c o n s t a n t s  a ,b ,c  such t h a t  
. L e t  t h e r e  e x i s t  nonnegative 
f o r  n=1,2,. . . and f d r  a l l  9 i n  D .  
Then 
. 
21 
ILI 0) = 1 "H, (7) 
lqs 0 
-1 i s  def ined and s e l f - a d j o i n t  on f o r  r e a l  wi th  I < c 
and i s  r e g u l a r  f o r  r e a l  with 1 h [  < (b+c)-'. 
Let H ( A  ) be a Hermitian ope ra to r  on t h e  20 Theorem 2 : 
domain a f o r  each r e a l  va lue  of A wi th  / A  I < p and l e t  H ( 0 )  
be s e l f - a d j o i n t .  Then t h e  following are e q u i v a l e n t :  
1) H ( x  ) i s  r e g u l a r  for 
2)  For every i n  p H( ) can be expanded i n  a power 
J < P 
series a b o u t A  = 0 which converges a t  least  f o r  I p 4 
3) H (  ) s a t i s f i e s  the hypotheses and t h e r e f o r e  t h e  
conclusions of Theorem 1. 
To prove Theorem 2 we can show 1) impl i e s  2)  imp l i e s  3) 
00 
imp l i e s  1). kt R Z  ( 
r equ i r ed  by 1 ) .  Any element 
must be i n  t h e  range of 
Then H( o =  tn( -z)+dRZ( ) u( = 'Y +zR Z ( = 
= 1 X 
n=O 
R ( n )  f o r  some z as 
i n  t h e  domain of H( A ) 
so we can write q = R  ( A ) v' . R ( A  ) 
Z 2 
which expres ses  
n= 1 
H( as a power s e r i e s  as r e q u i r e d  by 2), 
The H of Theorem 1 can be cons t ruc t ed  from an H (  ) n 
n 
s a t i s f y i n g  2)  merely by consider ing t h e  c o e f f i c i e n t  of A i n  t he  
? expansion o f  each H( A ) <p . Since i i s  i n  t h e  r e s o l v e n t  s e t  
of a s e l f - a d j o i n t  ope ra to r  such as H ( 0 )  = Ho , i t  fol lows t h a t  
H (  )Ri(0) and H R .  (0) a re  bounded and de f ined  on a l l  of %. n i  
22  
I n e q u a l i t y  (6) fol lows e a s i l y .  
Since 1 )  i s  p a r t  of t he  conclusion of Theorem 1 i t  only 
remains t o  prove t h a t  theorem. Since H(0) = Ho i s  s e l f - a d j o i n t  
POo 1 
dP where P i s  t h e  
X 
L 
R+ik(o) = ,) x IF i k  x we can write 
-a0 
r e s o l u t i o n  of t he  i d e n t i t y  belonging t o  H . The i n e q u a l i t y "  
0 
provides a bound f o r  HnR+ ik(0) .  Then& s m a l l  enough I 
l a r g e  enough k w e  can expand [l + 1 A n  HnRt ik (0,7 -' i n  a 
Neumann series.  
R+ - i k  - 
and 
This  proves t h e  regular!?;: s i n c e  
C Y 0  
( A = R+ik(o> 'r1+1 h nHnRkik . H()\ i s  a l s o  
~~ ~ 
( ) i s  de f ined  on a l l  of 96. 
R+i k seen t o  be s e l f - a d j o i n t  si%! 
It w i l l  be seen t h a t  t h i s  d i s c u s s i o n  has  l e d  t o  t h e  c o n s i d e r a t i o n  
of ope ra to r s  much more gene ra l  than H H1. This  g r e a t e r  g e n e r a l i t y  
0 
I 
does not complicate  the  theory and i s  o c c a s i o n a l l y  h e l p f u l  i n  
a p p l i c a t i o n .  The only e s s e n t i a l  d i f f e r e n c e  when t h e  Hn a r e  a l l  
zero beyond a c e r t a i n  p o i n t  i s  t h a t  t h e  ope ra to r  
f o r  a l l  r ea l  v a l u e s  of r a t h e r  than i n  a r e s t r i c t e d  r e g i o n .  Even 
H ( A )  i s  de f ined  
i n  t h e  simpler case ,  however, i t  need no t  be r e g u l a r  except  i n  t h e  
neighborhood o f  ze ro .  
There i s  another  c r i t e r i o n  f o r  r e g u l a r  o p e r a t o r s  which can be 
app l i ed  t o  a family of h a l f  bounded o p e r a t o r s  even when t h e  domain 
v a r i e s  w i th  t h e  p e r t u r b a t i o n  parameter.  
Theorem 3:  *' L e t  H be bounded below and l e t  a l l  
Hn , n = 0 , 1 , 2 , - - .  be Hermitian on t h e  same domain . L e t  
0 
t h e r e  be c o n s t a n t s  a ,b , c  and b,c,  nonnegative such t h a t  
. 
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' 
f o r  e v e r y 5 0  i n  f i  and n=1,2,. . . . Then E hnHnY is 
a q u a d r a t i c  form bounded below and de f ined  i n  f o r  
I < (b+c)- l  and t h e  s e l f - a d j o i n t  ope ra to r  H (  A )  which 
d e f i n e s  i t s  c l o s u r e  i s  r e g u l a r .  I f  t h e  H =O f o r  s u f f i c i e n t l y  
l a r g e  n then  1 i s  de f ined  on Bn and H ( A )  i s  i t s  
F r i e d r i c h s  ex tens ion .  
- 
nH n n70 
can be r e p l a c e d  by H = & * +a+bHo which 
HO 
For t h e  proof ,  
has E 
H-1'2HnH-1'2 f o r  a l l  n are bounded Hermitian o p e r a t o r s  which 
can be de f ined  on a l l  of by u s i n g  t h e  F r i e d r i c h s  ex tens ion  
of H. With the  he lp  of t hese  o p e r a t o r s  H (  A) can be w r i t t e n  
f o r  a lower bound by i n e q u a l i t y  (8). Thus H -'I2 and 
e x p l i c i t l y  and i t s  r e s o l v e n t  i s  a g a i n  expanded i n  a Neumann series 
almost as i n  t h e  proof o f  Theorem 1. 
These two theorems show t h a t  on a s u i t a b l e  domain an  ope ra to r  
is  s e l f  a d j o i n t  and r e g u l a r  when Ho 
s a t i s f y  one o r  t h e  
given i n  t h e  form G XnHn 
s a t i s f i e s  appropri%! cond i t ions  and t h e  
o t h e r  of t h e  r e l a t e d  i n e q u a l i t i e s  ( 6 )  or  (8). I n  p a r t i c u l a r  they 
Hn 
remove t h e  n e c e s s i t y  of proving d i r e c t l y  t h a t  t h e  presumably poor ly  
behaved ope ra to r  H (  x> i s  s e l f - a d j o i n t  f o r  nonzero . 
When t h e  i n e q u a l i t i e s  (6)  o r  (8) can be proved f o r  any v a l u e s  
t h e  q u a l i t a t i v e  p a r t s  o f  t h i s  t heo ry  fo l low i n c l u d i n g  i n  of a ,b ,c  
p a r t i c u l a r  t h e  e x i s t e n c e  o f  power ser ies  expansions near = 0 
and thus  t h e  formalism of Rayleigh-Schrgdinger p e r t u r b a t i o n  theory.  
However, p a r t i c u l a r l y  when dea l ing  w i t h  a non-degenerate e igen -  
va lue ,  i t  i s  d e s i r a b l e  t o  ob ta in  small va lues  of a ,b ,c  i n  order  
t o  secu re  f avorab le  e s t ima tes  of t h e  v a r i o u s  q u a n t i t i e s  involved. 
24 
The s p e c i f i c  r e s u l t s  which can be obtained are given i n  t h e  
fol lowing theorems. 
orem 4;22 L e t  H (  A ) be s e l f - a d j o i n t  and r e g u l a r  i n  some 
r ea l  neighborhood of A = 0. L e t  E be an eigenvalue of f i n i t e  
m u l t i p l i c i t y  m of H ( 0 )  and l e t  t h e r e  be a p o s i t i v e  number d 
such t h a t  t h e  open i n t e r v a l  (E-d,E+d) i s  f r e e  from any o the r  
p o i n t  of t he  spectrum of H ( 0 ) .  Then t h e r e  e x i s t  power s e r i e s  
23 
and 
a l l  convergent i n  some neighborhood of /\ = 0, which s a t i s f y  t h e  
following c o n d i t i o n s :  
1) y , ( h ) i s  an e igen func t ion  of H (  ) belonging t o  t h e  
J 
eigenvalue E .  (A ) f o r  each j = l , * * *  ,m J 
2)  Ej (0 )  = E f o r  each j = l , . . * , m  and for  each r e a l  x 
f o r  which they  a r e  de f ined  t h e  ( ) form an orthonormal s e t .  
3)  For each p o s i t i v e  d '  < d t h e r e  ex is t s  a p o s i t i v e  number 
j 
p = f ( d ' )  such t h a t  t he  spectrum of H( h) i n  t h e  i n t e r v a l  
(E-d', EM' )  f o r  r e a l  w i t h  / hl < p c o n s i s t s  e x a c t l y  of t h e  
p o i n t s  A ) , - , E ~ (  A ) .  
L e t  Hn f o r  n=0,1,2, - .  . and H (  ) s a t i s f y  24 Theorem 5 : 
t h e  hypotheses of Theorem 1. L e t  Eo be a nondegenerate e igenvalue 
(be an eigenvalue of f i n i t e  m u l t i p l i c i t y  
f o r  # 0 ) of Ho and l e t  i t  be t h e  only p o i n t  of t h e  spectrum 
m , which does n o t  s p l i t  
25 
of H i n  t h e  i n t e r v a l  IE-Eol<  d f o r  some p o s i t i v e  d.  L e t  
0 
e = (2a/d) + 2b[1+( I E,I /djl  . Then f o r  jhJ < (c+e)-l  t h e  
spectrum of H( 
c o n s i s t s  of e x a c t l y  one p o i n t  e igenvalue 
) i n  t he  i n t e r v a l  1 E-Eol < d-(d/2)  [ e / ( l  
E ( A )  which i s  nondegenerate 
(of m u l t i p l i c i t y  m) and which s a t i s f i e s  t he  i n e q u a l i t y  
1 E(A )-E I < ( e /2 )  [ e / ( l -  I c)] . Where defined E( A ) can 0 
be expanded i n  a convergent power s s i e s .  For I h I <(c+e)-' t h e r e  
exists a power series 
e igen func t ion  of H( ) wi th  eigen?zr)ue E (  ).  ( t h e r e  exis t  m 
power s e r i e s  
orthonormal set of e igenfunct ions of H( ) belonging t o  t h e  
e igenva lue  E (  > . 
( ) = 1 x n v ' n )  which i s  a normalized 
j( A )  which f o r  each real  form a complete 
Theorem 6: 25 Let Hn for  n=0,1,2 ... and H (  ) be as 
desc r ibed  i n  Theorem 3. Let Eo be t h e  only p o i n t  of t h e  spectrum 
of H(0) i n  t h e  i n t e r v a l  (Eo-d,Eo+d) . Let E be a non-degenerate 
e igenvalue (an eigenvalue of f i n i t e  m u l t i p l i c i t y  which does no t  
s p l i t  for  # 0). Then t h e r e  exis ts  a power s e r i e s  E (  ,h ) w i t h  
E(0) = Eo and a power s e r i e s  ( h ) (m orthonormal power ser ies  
0 
yt( 
+ c-1 - ;  
), ..., v m ( x  ) )  a l l  convergent f o r  Ihl< [2a/d f 2 b ( l + ( E  / d ) )  
0 
r 4 T . d  such t h a t  H ( A " )  '+l.(h ) = E ( A  ) y .  ( A ) .  
J J 
These theorems a r e  proved by i n t e g r a t i n g  t h e  r e s o l v e n t  
0 
Rz( ) of H( A )  around a contour i n  t h e  r e s o l v e n t  se t .  L e t  E 
be a n  i s o l a t e d  eigenvalue of Ho and C be u simple c losed  curve 
around E which n e i t h e r  includes nor pas ses  throiigh H T I ~  o t h e r  p n i v t  
of the spectrum of Ho and l e t  C c r o s s  t h e  r e a l  a x i s  at xo430-=3c1 . 
0 
I 
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Then i f  t h e  change i n  order  o f  i n t e g r a t i o n  below i s  j u s t i f i e d  we g e t  
However, t he  r e g u l a r i t y  of H( ) guarantees  t h a t  Rz( ) can 
be expressed i n  a power s e r i e s  i n  A a t  some p o i n t  z i n  t h e  
r e s o l v e n t  s e t  and i t  fol lows t h a t  t h i s  i s  p o s s i b l e  a t  eve ry  p o i n t .  
On a curve c which remains a t  a p o s i t i v e  d i s t a n c e  from t h e  
spectrum t h e  r a d i u s  of convergence of t h i s  r e p r e s e n t a t i o n  w i l l  have 
a p o s i t i v e  minimum which can be c a l c u l a t e d  when t h e  hypotheses of 
Theorem 1 or 3 are given. 
i s  a l s o  a n a l y t i c  i n  z can be used t o  j u s t i f y  t h e  r e v e r s a l  of 
This  t oge the r  w i t h  t h e  f a c t  t h a t  R Z ( A  ) 
i n t e g r a t i o n .  Then it i s  e a s i l y  seen t h a t  P ( A  )-Px ( A  ) i s  
x1 0 
a p r o j e c t i o n  onto a f i n i t e  dimensional space wi th  dimension equa l  
t o  t h e  m u l t i p l i c i t y  of 
as a power s e r i e s  i n  when 
of convergence f o r  t he  s e r i e s  expres s ion  of R Z ( A  ) 
When no s p l i t t i n g  occurs  under t h e  p e r t u r b a t i o n  then  t h e  e igenva lues  
and e igen func t ions  can be obtained from t h i s  e x p r e s s i o n  f o r  Rz( 
Eo, and formula (9) expres ses  t h i s  p r o j e c t i o n  
I i s  less  than  t h e  minimum r a d i u s  
on C .  
) 
T 
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. 
as power series wi th  the  same r a d i u s  of convergence. The o the r  
estimates i n  t h e  theorem a r i s e  from comparing an  upper bound of 
[ lRz (  ) ]I der ived  from i ts  power series expansion i n  
i n t e g r a  1 r epr e s e n t  a t  ion .  
w i th  i t s  
When a degenerate  e igenvalue s p l i t s  under p e r t u r b a t i o n ,  t he  
project i .on ope ra to r  P ( ) - P ( ) can be obtained a s  before ,  
b u t  a l g e b r a i c  s i n g u l a r i t i e s  may r e s t r i c t  t h e  r a d i u s  of convergence 
X 
0 
of series f o r  t h e  i n d i v i d u a l  e igenvalues  and e igen func t ions .  
Nevertheless ,  some q u a n t i t a t i v e  estimates have been obtained i n  t h i s  
case a l s o .  ml 
V I I I .  ASYMPTOTIC PERTURBATION SERIES 
The theory o f  r e g u l a r  p e r t u r b a t i o n  does n o t  i nc lude  a l l  
a p p l i c a t i o n s ,  I n  p a r t i c u l a r  there are c a s e s  when only a f i n i t e  
number of terms of t h e  p e r t u r b a t i o n  series a r e  w e l l  de f ined  and 
f i n i t e .  Kato has  developed a theo ry  of asymptot ic  p e r t u r b a t i o n  r77 
series which p rov ides  c r i t e r i a  f o r  t h e  u s e f u l n e s s  of p e r t u r b a t i o n  
theo ry  i n  some nonregular cases .  For a r e g u l a r  p e r t u r b a t i o n  s e r i e s  
t h e  e r r o r s  d iv ided  by 
rr. 
and 
n=O / 
28 
approach zero a s  
e r r o r s  O( i\ N, . 
p e r t u r b a t i o n  s e r i e s  which Kat0 g e n e r a l i z e s .  
approaches zero.  We denote  t h i s  by c a l l i n g  t h e  
It i s  t h i s  behavior of t h e  p a r t i a l  sums of t h e  
The d e r i v a t i o n  i s  based on Kato 's  gene ra l i zed  v a r i a t i o n a l  
method. c51  I f  H i s  s e l f - a d j o i n t  and I /  y / =  1 i s  chosen s o  t h a t  
( (H  , )-d, (H q ,  ) + d)  c o n t a i n s  no eigenvalue of H 
except  E t hen  f o r  some 9 belonging t o  E 
where 6 = 11 H 
order  of magnitude as d . When t h e  nth p a r t i a l  sum of t h e  
p e r t u r b a t i o n  s e r i e s  i s  used f o r  t hen  6 becomes formally of 
- (H y ,  ) 911 and dl  i s  of t h e  same 
order  n. The theo ry  c o n s i s t s  i n  j u s t i f y i n g  t h i s  formal a p p l i c a t i o n ,  
and Kat0 summarizes the  r a t h e r  complicated hypotheses and conc lus ions  
by saying "roughly speaking, p e r t u r b a t i o n  method g ives  asymptot ic  
s e r i e s  i n  ascending powers of t h e  parameter which are c o r r e c t  
s o  far as t h e  c o e f f i c i e n t s  can be c a l c u l a t e d  by means of o p e r a t i o n s  
w i t h i n  t h e  H i l b e r t  space". 25 
K a t 0  cons ide r s  t h e  ope ra to r  H + H1 de f ined  on t h e  common 
0 
domain 6 of Ho and H1 which he assumes Hermitian.  The 
ope ra to r  
extension,  b u t  t h i s  i s  n o t  always r e q u i r e d  f o r  
operator  H (  ) f o r  A 2 0 i s  chosen as some s e l f - a d j o i n t  e x t e n s i o n  
r e s t r i c t e d  t o  ,& must have a unique s e l f - a d j o i n t  
HO 
H + A H1. The 
0 
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of Ho + A H 1  and as t h e  F r i e d r i c h s  ex tens ion  when t h a t  i s  de f ined .  
Thus H (  h, may be h igh ly  discont inuous f o r  A > 0 , bu t  as 
approaches ze ro  i t  has t h e  l i m i t i n g  behavior desc r ibed  below. 
These cond i t ions  must be s t rengthened before  s i g n i f i c a n t  
conclusions can be drawn. F i r s t  w e  assume e i t h e r  t h a t  H i s  
e s s e n t i a l l y  s e l f - a d j o i n t  on a or t h a t  t h e r e  e x i s t  c o n s t a n t s  
0 
a,b,c  such t h a t  
f o r  a l l  i n  . With these cond i t ions  i t  i s  p o s s i b l e  t o  show 
t h a t  i n  any neighborhood of an eigenvalue E of Ho w i th  f i n i t e  
m u l t i p l i c i t y  m t h e r e  a r e  a t  least  m p o i n t s  of t he  spectrum of 
H( A ) (count ing m u l t i p l i c i t y )  f o r  s u f f i c i e n t l y  sma l l  h . This 
means t h a t  t hese  p o i n t s  of the spectrum a r e  continuous func t ions  of 
X a t  = O+ . Thus p e r t u r b a t i o n  method i s  j u s t i f i e d  t o  t h e  
Oth approximation. Note t h a t  t h e  p o s s i b i l i t y  t h a t  t h e  spectrum 
of H( ) may be continuous f o r  /1 > 0 i s  no t  r u l e d  o u t .  
I f  we f u r t h e r  assume t h a t  H(h ) does not  have more t h a n  m 
E independent func t ions  belonging t o  p o i n t s  of i t s  spectrum near 
t hen  higher  approximations a re  shown t o  be asymptotic when t h e  
c o e f f i c i e n t s  can be c a l c u l a t e d  w i t h i n  H i l b e r t  space.  For in s t ance ,  
i f  a l l  e igen func t ions  w i t h  eigenvalue E belong t o  the  domain 
of H1 t hen  ( i n  an obvious n o t a t i o n )  
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E.( A ) = E + E(1) + A 2E(2) + o (  2, 
J j j 
It i s  extremely d i f f i c u l t  t o  e s t a b l i s h  t h i s  l a s t  c o n d i t i o n  
on t h e  m u l t i p l i c i t y  of t h e  pe r tu rbed  spectrum except  i n  t h e  
fol lowing cases  : 
1 )  H ( X  ) i s  r e g u l a r  and s e l f - a d j o i n t  t hus  j u s t i f y i n g  t h e  
much more complete theo ry  of t h e  l as t  s e c t i o n .  
2 )  I n e q u a l i t y ( l 2 ) i s  s a t i s f i e d  and t h e  spectrum of H ( 0 )  below 
c o n s i s t s  of f i n i t e l y  many p o i n t s  of f i n i t e  m u l t i p l i c i t y .  
Thus a l though t h i s  theory  of asymptot ic  p e r t u r b a t i o n  ser ies  may 
apply  t o  impor tan t  problems where t h e  p e r t u r b a t i o n  i s  n o t  r e g u l a r ,  
i t  i s  d i f f i c u l t  t o  e s t a b l i s h  i t s  hypotheses  i n  t h e s e  cases. One 
of i t s  ch ie f  advantages i s  t h a t  i t  does f a c i l i t a t e  i n v e s t i g a t i o n  
of s i t u a t i o n s  i n  which t h e  theo ry  of r e g u l a r  p e r t u r b a t i o n  i s  c l e a r l y  
t o o  demanding, such as p e r t u r b a t i o n  caus ing  t h e  spectrum t o  become 
cont inuous.  
When p e r t u r b a t i o n  theo ry  i s  app l i ed  t o  problems l i k e  t h e  S t a r k  
H (  ,I )e f f e c t  i n  which t h e  spectrum of  
cont inuous fo r  # 0 , i t  i s  necessa ry  f i r s t  t o  cons ider  what t h e  
ser ies  i s  approximating. P h y s i c a l l y  a n  atom i n  a weak e l ec t r i c  
f i e l d  has a lmost  s t a b l e  s ta tes ,  and i t  i s  t h e  analogue of  t h e s e  
which must be desc r ibed  mathemat ica l ly .  S ince  t h e  o b j e c t s  be ing  
approximated are n o t  ve ry  c l e a r l y  de f ined ,  i t  i s  obvious t h a t  t h e  
becomes comple te ly  
, 
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asymptot ic  formulat ion o f  p e r t u r b a t i o n  theo ry  i s  more a p p r o p r i a t e  
f o r  t h e i r  s tudy  s i n c e  it only demands a d e f i n i t i o n  of t h e s e  o b j e c t s  
up t o  a c e r t a i n  order  i n  . 
We can expect  t h a t  almost s t a b l e  s ta t tes  w i l l  have wave f u n c t i o n s  
which make 
t h e  Schrodinger time equa t ion  w i l l  ensu re  t h a t  t h e  s ta te  changes 
slowly. However, t h i s  i s  no t  enough t o  c h a r a c t e r i z e  t h e  s ta tes  
11 (H-E) 911 q u i t e  s m a l l  f o r  a p p r o p r i a t e  E s i n c e  then  
I I  
which we wish t o  s tudy,  s i n c e  for  any p o i n t  E of t h e  continuous 
spectrum of an  ope ra to r  H t he re  are 93 which make 
a r b i t r a r i l y  s m a l l .  For most points of t h e  cont inous spectrum though, 
a f u n c t i o n  chosen t o  minimize t h i s  q u a n t i t y  w i l l  become more 
l I (H-E)  p// 
and more d i f f u s e  i n  space as it approximates a t y p i c a l  non-square 
i n t e g r a b l e  "eigenfunction" of t he  continuous spectrum. We do n o t  wish 
t o  s tudy  such wave func t ions  which belong t o  unbound s ta tes .  
w e  are l e d  t o  in t roduce  t h e  closed submanifold of % which c o n s i s t s  
Thus 
of func t ions  which a r e  ze ro  ou t s ide  of some bounded r e g i o n  of 
c o n f i g u r a t i o n  space which includes t h e  p h y s i c a l  system. 
t h e  p r o j e c t i o n  P 
We. wish t o  s tudy  func t ions  ? f o r  which P 
approximd:zly) equa l  t o  Cy . 
Actua l ly  
onto t h i s  sub-manifold i s  a l l  t h a t  i s  needed. 
i s  (at l e a s t  
L e t  Eo be an eigenvalue of Ho of f i n i t e  m u l t i p l i c i t y  yv\ 
and l e t  us assume t h a t  s o l u t i o n s  t o  t h e  p e r t u r b a t i o n  equa t ions  can 
be cons t ruc t ed  by H i l b e r t  space ope ra t ions  a t  l e a s t  Ohrough t h e  
Nth o r d e r .  I f  t h e  r e s u l t i n g  Nth p a r t i a l  sums of t h e  pe r tu rbed  
e igenva lues  and eigenfunct ions are denoted by ( N ) (  h >, . .. ,Em'"( ) 
'y l ( N ) (  Aj,..., m ( N ) (  ) t hen  a c a l c u l a t i o n  shows t h a t  
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Thus s a t i s f y i n g  one of t h e  c r i t e r i a  f o r  an  almost s t a b l e  s t a t e .  
Under the  gene ra l  hypotheses  d i scussed  p rev ious ly  t h e r e  are a t  
least  m independent func t ions  which belong t o  t h e  spectrum of 
H( ) near Eo . I f  i t  can  be shown t h a t  t.hose which correspond 
t o  almost s t a b l e  s t a t e s  are exhausted i n  some sense  by those  
c a l c u l a t e d  by p e r t u r b a i i o n  theory,  t hen  i t s  use  as an  asymptot ic  
ser ies  w i l l  be f u l l y  j u s t i f i e d .  
The d e s i r e d  c r i t e r i o n  can be formulated w i t h  t h e  h e l p  of 
s e v e r a l  more p r o j e c t i o n  o p e r a t o r s .  Le t  Px( ) be t h e  r e s o l u t i o n  
of  t h e  i d e n t i t y  be longing  t o  H (  A ) and l e t  ) be t h e  
p r o j e c t i o n  onto  t h e  c losed  submanifold genera ted  by 
( ). Then 
(where E i s  some s m a l l  p o s i t i v e  number) expres ses  t h e  f a c t  t h a t  
t h e  f . , . . r t ions  't' f o r  which P = y.' and \(H( ) , 9) -
E o (  'y, 
combinations of t h e  y.' ( N ) (  A ). This  expres s ion  can  be  proved 
when con ta ins  t h e  sub-manifold P% and enough o t h e r  
func t ions  t o  a l low c a l c u l a t i o n  of  t h e  Nth order  pe r tu rbed  e igen -  
)I < E can  be expressed  up t o  O(A N, as l i n e a r  
j 
H1 
v a l u e s  and e igen func t ions .  
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APPLICATIONS TO QUANTUM-CHEMISTRY 
The most important a p p l i c a t i o n  of t h e  theory o u t l i n e d  above 
concerns t h e  e l e c t r o n  r e p u l s i o n  terms i n  - e l e c t r o n  atoms, molecules,  
or ions.  The theo ry  shows t h a t  t h e s e  terms can indeed be regarded as 
p e r t u r b a t i o n s  of t he  n o n - r e l a t i v i s t i c  independent e l e c t r o n  model. 
The c o n s i d e r a t i o n s  of S e c t i o n  V concerning t h e  Hamiltonian 
(equat ion (1)) can e a s i l y  be a l t e r e d  t o  show t h a t  t h e  hypotheses 
of Theorem 1 are s a t i s f i e d  for any such p e r t u r b a t i o n  problem. A s  
an  example consider  an h) - e l ec t ron  atom i n  which f o r  s impl i c i ty ,  
a l though t h i s  i s  n o t  necessaryjwe s h a l l  r e g a r d  t h e  nucleus as of 
i n f i n i t e  mass and thus f i x e d  i n  space.  Using atomic coord ina te s  
s c a l e d  by the  atomic number 2 w e  write t h e  Hamiltonian as 
1 1 
H 
0 
H + I - Z H1 T +  0 W 
where T i s  t h e  c l o s u r e  of - - 
0 2 
j=l  
+ I - 2 H1 
1 
H1 =lz - r i> j i j  
The c o n s i d e r a t i o n s  of Sec t ion  V immediately apply w i t h  c/ r ep laced  
by e i t h e r  W or  H1 and s o  f o r  a l l  9 i n  a we g e t  
where b '  and b" may both be taken a r b i t r a r i l y  s m a l l .  However, 
and the re fo r  e 
This i s  obviously a ve ry  crude e s t i m a t e  bu t  t h e  c o e f f i c i e n t  
of 11 Ho can s t i l l  be made a r b i t r a r i l y  s m a l l .  Therefore  t h e  
p e r t u r b a t i o n  i s  r e p u l a r  on t h e  whole r e a l  a x i s ,  even though t h e  
r a d i u s  of convergence a t  t h e  o r i g i n  may be v e r y  sma l l .  Thus f o r  
any r e a l  number r\ 
unperturbed ope ra to r  and apply the  theo ry  t o  H '  (A')  = H I+ H1 . 
If L~ir s t a t e  under i n v e s t i g a t i o n  belongs t o  an i s o l a t e d  eigenvalue 
we may t ake  H ' = H + h o  H1 as an  
0 0 
0 
of H o t  of f i n i t e  m u l t i p l i c i t y ,  t h e n  i t  and i t s  e i g e n f u n c t i o n s  
can be expanded i n  a power s e r i e s  around h . Thus t h e  energy 
and wave f u n c t i o n  of any s t a t e  of a complex atom can be a n a l y t i c a l l y  
continued i n  A a long  the  r e a l  a x i s  between atoms of any atomic 
number ( = 1/Z) and an atom w i t h  independent e l e c t r o n s ,  SO 
0 
long as t h e  energy of t h e s e  s t a t e s  do n o t  e n t e r  t h e  cont inuous 
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spectrum or c r o s s  e igenvalues  of i n f i n i t e  m u l t i p l i c i t y .  I n  p a r t i c u l a r  
no d i f f i c u l t y  occurs  when t h e  energy of one s t a t e  c r o s s e s  t h a t  of 
ano the r .  Such c r o s s i n g s  c e r t a i n l y  occur i n  t h e  p e r i o d i c  t a b l e .  
This  r e s u l t  o f f e r s  t h e  s t r o n g e s t  p o s s i b l e  j u s t i f i c a t i o n  f o r  t h e  use 
of se ts  of hydrogenic quantum number t o  d e s c r i b e  t h e  s ta tes  of 
complex atoms. 
When p e r t u r b a t i o n  theo ry  i s  used t o  c a l c u l a t e  t h e  a c t u a l  energy 
of an atomic s t a t e  t he  r a d i u s  of convergence of t h e  s e r i e s  r a t h e r  than 
i t s  a n a l y t i c  c h a r a c t e r  i s  of i n t e r e s t .  Because of t h e  g r e a t  
g e n e r a l i t y  of t h e  theo ry  reviewed here ,  i t  n a t u r a l l y  does no t  give 
v e r y  c l o s e  lower bounds on the convergence r a d i u s  when app l i ed  t o  
pi s p e c i f i c  problems. Nevertheless  K a t  , p.172, w a s  abae t o  o b t a i n  a 
r a d i u s  of convergence of .013 f o r  t he  p e r t u r b a t i o n  t reatment  of 
t h e  ground s t a t e  of a two e l e c t r o n  atom. This ensu res  t h a t  a 
p e r t u r b a t i o n  cadcu la t ion  of t h i s  s ta te  converges a t  least  f o r  06+ 
or  atoms of higher  atomic number. 
Other a p p l i c a t i o n s  of t h i s  theory are t o  t h e  S t a r k  e f f e c  F7:! 
p.204; t h e  diatomic moleculb! p. 194 and t o  t h e  Zeeman e f f e c t  E71 , 
p. 195 andr2q p.570. The S t a r k  e f f e c t  and Zeeman e f f e c t  pose 
d i f f i c u l t i e s  because t h e  app l i ed  f i e l d  i s  no t  bounded throughout 
b 
space.  Thus t h e  pe r tu rbed  spectrum i n  t h e  S t a r k  e f f e c t  i s  
completely continuous and the theo ry  f o r  weakly quant ized s t a t e s  
i s  app l i ed .  I n  t h e  s p i n - f r e e  Zeeman e f f e c t  f o r  hydrogen a 
d i f f e r e n t  problem ar ises .  The presence of t h e  magnetic f i e l d  
s e p a r a t e s  t h e  energy l e v e l s  of wave func t ions  w i t h  d i f f e r e n t  
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magnetic quantum number m , and i n  f a c t  t he  p e r t u r b a t i o n  energy i s  
m i n  s u i t a b l e  u n i t s .  Thus no matter how s m a l l  t h e  f i e I d  
s t r e n g t h  i n f i n i t e l y  many s t a t e s  w i t h  s u f f i c i e n t l y  high magnetic 
quantum number w i l l  c r o s s  any given s t a t e  of low magnetic quantum 
number. I n  o the r  words f o r  any non-zero va lue  of t h e r e  i s  no 
i n t e r v a l  about an unperturbed energy l e v e l  which remains f r e e  of 
"foreign" e igenva lues .  Thus t h e  p e r t u r b a t i o n  cannot be r e g u l a r  by 
Theorem 4 .  However, t h i s  d i f f i c u l t y  i s  no t  s e r i o u s .  Consider t he  
ope ra to r  L for  t h e  component o f  angular  momentum i n  t h e  d i r e c t i o n  
of t h e  appl ied f i e l d .  This  commutes w i t h  both t h e  unperturbed and 
z 
perturbed Hamiltonian which thus  c a r r y  func t ions  of magnetic quantum 
number m i n t o  o the r  such func t ions .  L e t  %! be t h e  s e t  of a l l  
func t ions  (p wi th  L,9 = my 
i n t e g r a b l e  f u n c t i o n s  on 3 space ( the  space o f  hydrogen wave 
f u n c t i o n s ) .  Then% wi th  t h e  inne r  product  of % c e r t a i n l y  
s a t i s f i e s  a l l  t h e  p r o p e r t i e s  of a H i l b e r t  space except  t h a t  i t  i s  
m 
i n  t h e  H i l b e r t  space of square 
m 
p o s s i b l y  not complete. However, any sequence of f u n c t i o n s  i n  % 
a l l  of which s a t i s f y  Lz 
t h i s  cond i t ion  and thus  converges i n  % a l s o .  Therefore  4$- 
i s  anothei r e p r e s e n t a t i o n  of H i l b e r t  space and t h e  ope ra to r  f o r  
t h e  Zeeman e f f e c t  i s  de f ined  i n  % 
= m (p converges t o  a f u n c t i o n  s a t i s f y i n g  
m 
and can be s t u d i e d  t h e r e .  
m 
A similar procedure can sometimes be used t o  reduce a 
p a r t i c u l a r  degenerate  e igenvalue t o  a non-degenerate e igenva lue  
i n  a H i l b e r t  space of symmetrized f u n c t i o n s  thus  a l lowing  t h e  m e  
of t h e  more complete theo ry  a v a i l a b l e  f o r  t h a t  c a s e .  Th i s  would be 
h e l p f u l  i n  d i s c u s s i n g  the  e x c i t e d  s ta tes  of a two e l e c t r o n  atom f o r  
i n s t a n c e .  
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1. I r a t h e r  p e d a n t i c a l l y  i n s i s t  on speaking of a b s t r a c t  H i l b e r t  
space t o  emphasize t h a t  t h e  r igo rous  mathematical  theory i s  intended 
r a t h e r  t han  t h e  somewhat informal use of t h e  language of H i l b e r t  
space theory which i s  p reva len t  i n  d i s c u s s i o n s  of quantum mechanics. 
2.  Numbers i n  square b racke t s  r e f e r  t o  t h e  b i b l i g r a p h y .  
3. [ld s e e  Chapter 1 i n  p a r t i c u l a r .  
4 .  See t h e  remarks and r e fe rence  i n  E301 p. 98. 
5. See Kemble bL pp.  79 and 197-201. See a l s o  the  e x c e l l e n t  
d i s c u s s i o n  i n  K a t 0  1182 pp. 195, 196 and 205. Ac tua l ly  i f  
e igen func t ions  exis t  t h e i r  p r o p e r t i e s  do fol low from t h e  gene ra l  
theory of d i f f e r e n t i a l  equations,  b u t  t h e i r  e x i s t e n c e  d e f i n i t e l y  
does n o t .  
6 .  The o l d e r  l i t e r a t u r e  usua l ly  r e s e r v e s  t h e  t e r m  H i l b e r t  space 
€or t h e  o b j e c t  de f ined  he re  which i s  unique up t o  isomorphism. 
However, i t  i s  now customary t o  use t h e  term H i l b e r t  space f o r  any 
r e a l  or complex vec to r  space complete i n  a norm which comes from 
an inne r  product .  Thus w e  should speak of complex s e p a r a b l e  
H i l b e r t  space.  Separable  i s  a t o p o l o g i c a l  t e r m  d e s i g n a t i n g  a space 
wi th  a countable  dense subse t .  The terminology and n o t a t i o n  of 
t h i s  r e p o r t  fol lows t h e  cu r ren t  p r a c t i c e  of quantum chemistry 
whenever convenient .  Exceptions are u s u a l l y  noted. Only an 
i n t r o d u c t i o n  t o  t h e  concepts of H i l b e r t  space can be given. The 
i n t e r e s t e d  r e a d e r  should consul t  one of t he  many books a v a i l a b l e  
i n  t h i s  f i e l d  f o r  f u r t h e r  d e t a i l s .  The c l a s s i c a l  book of  Ston 
i s  recommended f o r  i t s  completeness and c a r e f u l  development. 
However, many s i m p l i f i c a t i o n s  of the theo ry  have been introduced 
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s i n c e  i t s  p u b l i c a t i o n .  A good source for  
developments of t h e  b a s i c  theory i s  Pg 
For t h e  a p p l i c a t i o n  of the theory t o  
i s  an i n d i s p e n s i b l e  source.  
t h e s e  more r e c e n t  
quantum mechanics von 
7 .  I n  books on phys ic s  the  term norm i s  sometimes app l i ed  t o  
i t s e l f .  [’gp. 116. However, the usage given he re  i s  s t anda rd  
among mathematicians.  
a l t e r e d  so  t h a t  
The inner product  i s  sometimes a l s o  s l i g h t l y  
- 
(a 9 , y )  = (Cp = a ( % ? ) .  We use a bar t o  
denote  complex con juga te .  
8. The o b j e c t s  c a l l e d  ope ra to r s  he re  a r e  more p r o p e r l y  l i n e a r  
o p e r a t o r s  on linear t ransformations.  
9. Von Neumann d e f i n e s  a d j o i n t  d i f f e r e n t l y  p .  92, b u t  t h e  d e f i n i t i o n  
given he re  i s  more u s e f u l  f o r  our purposes and i s  q u i t e  s t anda rd .  
R .N.  p .  299. 
10. A h e l p f u l  and i l l u m i n a t i n g  d i s c u s s i o n  of t h e s e  i d e a s  i n  terms 
of t h e  graph of an ope ra to r  i s  given i n  R . N .  pp. 303-307. 
11. A very  i l l u m i n a t i n g  example of t he  r e l a t i o n  between Hermitian 
o p e r a t o r s  and t h e i r  s e l f - a d j o i n t  ex tens ions  i s  given i n  t23 p. 309-311. 
1 2 .  Von Neuman pp.102-170, gives  a ve ry  thorough d i s c u s s i o n  of 
t h e  ideas we o u t l i n e  here .  
13. See f o r  i n s t a n c p 2 p .  313. 
14. For t h i s  and r e l a t e d  ma t t e r s  s e e  von Neumann bg p. 103-131. 
15. A complete bu t  d i f f i c u l t  d i s c u s s i o n  i s  i n  r 3 d p .  128-154. 
16. See c2dpp. 329-335 for  t h i s  b e a u t i f u l  p roo f .  
. '  
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1 7 .  Both because t h i s  ope ra to r  can be shown t o  be h a l f  bounded and 
because i t  i s  r e a l  i t  can be shown t h a t  any domain on which i t  i s  
Hermitian does have a t  l e a s t  one ex tens ion  on which i t  i s  s e l f -  
a d j o i n t  . L2d p . 329. 
18. [7J p. 154. This  i s  equ iva len t  t o  R e l l i c h ' s  o r i g i n a l  d e f i n i t i o n .  
@$ p.559. D e f i n i t i o n  1,2, S a t z  1. A good d i s c u s s i o n  of t h e  idea  
behind these  d e f i n i t i o n s  i s  given i n L 2 g  pp. 94-99. 
19. 
20. This  theorem i s  e s s e n t i a l l y  due t o  R e l l i c h  b g p .  476, H i l f s a t z  4. 
p .  562. S a t z  5 a l s o  L7Jp. 163. 
21. [d p.  164. 
22. [203 p .  560. S a t z  3. 
23. We al low m=O which i s  i n t e r p r e t e d  t o  mean t h e  absence of 
any po in t  o f  t he  spectrum from t h e  v a r i o u s  i n t e r v a l s .  
24. This theorem i s  e s s e n t i a l l y  Theoreme I1 of Sz. Nagy 
However, a ref inement  of t h e  proof by K a t 0  C7Jp . 157-162 al lows an  
improvement i n  t h e  convergence r a d i i .  
theorem were f i r s t  proved by R e l l i c h  Ed, p. 360, S a t z  1. 
The main p o i n t s  of  t h e  
25.  L7-J pp.  164, 169. 
. 
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X. REMARKS ON THE BIBLIOGRAPHY 
The most complete g e n e r a l  survey of r e g u l a r  p e r t u r b a t i o n  i s  
s t i l l  t h e  f i v e  papers  of R e l l i c  gg ,- * 1231 published between 1936 
and 1942. The f i r s t  and second pape r s  d e a l  mainly wi th  bounded 
o p e r a t o r s  and wi th  continuous p e r t u r b a t i o n  r e s p e c t i v e l y .  The bu lk  
of t h e  theory for  unbounded ope ra to r s  i s  contained i#07 and L2 J 
w h i , k a c h i e f 1 y  s t u d i e s  ope ra to r s  w i th  completely d i s c r e t e  s p e c t r a  
a l l  p o i n t s  of which a r e  r e g u l a r .  However, a l l  f i v e  papers  c o n t a i n  
i l l u m i n a t i n g  examples and counter examples. Some of t h i s  m a t e r i a l  
appears  i n  Engl ish i n  124 
The methods of proof used by R e l l i c h  are g r e a t l y  s i m p l i f i e d  
i n  rig which gives  t h e  c l e a r e s t  and most d i r e c t  p roo f s  of t h e  
main theorems. Some f u r t h e r  improvements have been made by Kat0 
and appear t oge the r  w i t h  h i s  theory of asymptotic p e r t u r b a t i o n  
i n  h i s  e x c e l l e n t  papep; a summary of which i s  pub l i shed  i n  16J 
The forthcoming book by F r i e d r i c h  12J promises t o  be of g r e a t  
i n t e r e s t  when i t  i s  pub l i shed  i n  1964. Schrgde and Speisman @g 
c o n t a i n  d i f f e r e n t  e s t i m a t e s  of t h e  convergence r a d i i  f o r  o p e r a t o r s  
of t h e  form H_ + A H, which may be supe r io r  i n  some cases .  
U 
and Primas til a l l  use d i f f e r e n t  mathematical  
techniques t o  s tudy p e r t u r b a t i o n  problems. 
Other papers  i n  t h e  bibl iography extend t h e  theo ry  i n  v a r i o u s  
ways. 
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